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The eﬀects of spatially varying the material properties on the mode-3 planar crack propagation characteristics are
numerically investigated. The spectral scheme that is available for homogeneous materials is modiﬁed to account for
the symmetrically varying material properties. Crack propagation in hardening, softening and unsymmetric type of func-
tionally graded have been simulated. A parametric study was performed by systematically varying the material inhomo-
geneity length scale. Our study indicated that softening and unsymmetric graded materials reduce the resistance to fracture,
while a hardening material oﬀers higher fracture resistance with increase in inhomogeneity. Only the transient phase of
crack propagation speed was aﬀected by the material property variation, irrespective of whether the material was harden-
ing, softening or an unsymmetric type. The crack always reached a quasi-steady-state velocity, which remained unaﬀected
by the material property inhomogeneity.
 2006 Elsevier Ltd. All rights reserved.
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In a related work, Kulkarni et al. (2006), have illustrated that the characteristics of damage and crack prop-
agation are aﬀected by the material property inhomogeneity. In their work, the material property gradient was
continuous and unsymmetric about the plane on which the crack was constrained to propagate. In this article,
we focus our attention on the case in which the material property gradient is symmetric about the weak plane.
There are many practical examples when the material property variation can be symmetric. Examples include
wear resistant structures (Gasik et al., 2003; Put et al., 2003a), materials developed for ballistic impact resis-
tance (Vecchio, 2005). Further examples of engineering applications, where symmetric material property var-
iation exists can be found in Zhang et al. (2004) and Put et al. (2003b). Other applications of functionally0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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(Vecchio, 2005) and thermal barrier coatings used in gas turbines and rocket nozzles (Movchan and Yakov-
chuk, 2004; Schulz et al., 2003). Successful engineering designs using these advanced materials need a thor-
ough understanding of their mechanical response. In particular to the present study, the fracture properties
are to be understood well. A review of the literature indicates that several groups have addressed various issues
of fracture analysis in functionally graded materials. The ﬁrst analysis of a crack in an inhomogeneous mate-
rial was performed by Delale and Erdogan (1983), which concluded that a stress-intensity-factor based
approach is suﬃcient for design considerations. Eischen (1987) has studied the asymptotic nature of the stress
and displacement ﬁelds around a stationary crack in a graded material and conﬁrmed the ﬁndings of Delale
and Erdogan (1983). On similar lines, Parameswaran and Shukla (2002) have performed asymptotic analysis
around a stationary crack in an inhomogeneous solid and have obtained a series solution up to six terms. In a
related study, Parameswaran and Shukla (1999) have addressed the role of material inertia in functionally
graded materials. The focus of the above stated analyses were to extract the stress-intensity factor and the
associated stress and displacement ﬁelds. The analysis of Meguid et al. (2002) and Feng et al. (2003), have
considered the eﬀect of varying the material property symmetrically, normal to the direction of the crack.
There is very limited data in the literature that elucidates the eﬀect of varying the material properties sym-
metrically about the direction of crack propagation. The present work aims at bridging this gap; by perform-
ing numerical simulations of spontaneous crack propagation in functionally graded material in which the
variations of the properties are symmetric about the direction of crack propagation. A comparison of the
results from the simulations of Kulkarni et al. (2006), are also provided to understand the distinctions between
symmetric and unsymmetric material property variations (Section 3). There are various numerical procedures
that are used in simulating spontaneous crack propagation. These include, ﬁnite diﬀerence method (Yang and
Ravi-Chandar, 1996; Mikumo et al., 1987), cohesive volume ﬁnite elements (CVFE) (Xu and Needleman,
1994; Camacho and Ortiz, 1996; Geubelle and Baylor, 1998), boundary integral method. Similar to the work
of Kulkarni et al. (2006), the focus of the present analysis is to understand the eﬀect of the symmetric material
property variations on the crack propagation characteristics and hence we extend the spectral formulation
given by Geubelle and Rice (1995). The spectral scheme in its original formulation was developed for simu-
lating spontaneous crack propagation in homogeneous, isotropic materials. The spectral scheme has been
extended to handle various types of material constitutive models, such as viscoelastic (Geubelle et al.,
1998), bi-material (Geubelle and Breitenfeld, 1997; Breitenfeld and Geubelle, 1998) and orthotropic materials
(Hwang and Geubelle, 2000). The spectral scheme is a versatile tool and can handle a variety of rate- and
state-dependent cohesive (Kubair et al., 2002; Kubair and Geubelle, 2003) and friction laws (Rice et al.,
2001). In the related paper by Kulkarni et al. (2006), we had presented the formulation and implementation
speciﬁcs of a spectral scheme for a functionally graded material in which the material property variation is
unsymmetric about the weak plane. There are diﬀerences in the formulation and implementation of the spec-
tral form of the elastodynamic equations when the material property variation are symmetric and is presented
in Sections 2 and 3. The results from our spontaneous crack propagation simulations in symmetric function-
ally graded materials are presented in Section 4.
2. Spectral formulation
The model elastodynamic problem solved here is schematically illustrated in Fig. 1. Following the experi-
ments of Rosakis et al. (1999), a crack of initial size a0 is allowed to grow spontaneously on the weak plane due
to the action of a space- and time-dependent external mode-3 loading s0. In their experiments (Rosakis et al.,
1999), the weak plane was created by attaching two similar half-spaces with an appropriate adhesive. In the
present study, we assume that the weak plane is made by gluing two inhomogeneous half-spaces with identical
material property variations. As in most studies that are available in the literature, we have also assumed the
material property variation to be in the direction perpendicular to that of the direction of crack propagation
(Wang et al., 2004; El-Borgi et al., 2003). We start our spectral formulation from the balance of linear momen-
tum, which can be written for the anti-plane shear case asr31;1 þ r32;2 ¼ qðx1; x2Þ€u3; ð1Þ
τ0
x2
weak planea0
x2
1xμ,ρ
Fig. 1. Geometry of the model elastodynamic problem. The initial crack length a0 is chosen to be X/16. The elastic properties l and q vary
symmetrically in the direction normal to the weak plane (left hand side of the ﬁgure). The material property has a discontinuous gradient
(derivative with respect to x2) on the weak plane as seen.
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inhomogeneously varying density of the material. In Eq. (1) the comma notation represents partial diﬀeren-
tiation with respect to the spatial coordinates, the dot (Æ) represents diﬀerentiation with respect to time and
repeated indices imply the indicial summation convention. The stress components can be written in terms
of the out of plane displacement u3 asr3a ¼ lðx1; x2Þu3;a; ð2Þ
where the subscript a ranges from 1 to 2. In the above equation, l(x1,x2) is the inhomogeneously varying shear
modulus of the functionally graded material. The conservation of the linear momentum (Eq. (1)) can be writ-
ten in terms of the out of plane displacement (u3), similar to the Navier’s equation aslðu3;11 þ u3;22Þ þ l;1u3;1 þ l;2u3;2 ¼ q€u3: ð3Þ
The above equation is a linear hyperbolic equation and can be reduced to the standard scalar wave equation
when the material property gradient vanishes, that is in case of a homogeneous material. As mentioned earlier
we have assumed the material property variations to exist only in the direction perpendicular to the direction
of crack motion (x2). In order to keep the analysis tractable and reduce the parameter space, in the present
study we have assumed identical functional forms for the rigidity modulus (l) and density (q) of the material
aslðx2Þ ¼ l0 expðjx2j=LgÞ;
qðx2Þ ¼ q0 expðjx2j=LgÞ;

ð4Þwhere l0 and q0 are the rigidity modulus and density on the plane x2 = 0 on which the crack is constrained to
grow. The parameter Lg appearing in the above equation controls how rapidly the material variation occurs in
the x2 direction. The material inhomogeneity length scale Lg can either be positive or negative. When Lg is set
to be positive, the material progressively becomes stiﬀer and denser and hence termed as ‘‘hardening’’ or
‘‘strengthening’’ type of functionally graded material. When the inhomogeneity length scale is set to be less
than zero, it signiﬁes a graded material that progressively weakens away from the weak plane and is termed
as ‘‘softening’’ or ‘‘weakening’’ material. The inhomogeneity length scale Lg can be in the order of a few mi-
crons (as in the case of thermal barrier coatings and layered solids) or in the order of meters as in tectonic
plates. Due the identical form of the spatial variations of the density and rigidity modulus the resulting shear
wave speed (cs) turns out to be homogeneous and is given by cs ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l0=q0
p
. Inhomogeneous shear wave speeds
can be obtained by assuming diﬀerent spatial variations for the density and shear modulus. However, a simple
spectral form of the elastodynamic relation is not obtainable in such a situation and hence, not considered
here. The conservation of linear momentum, written in terms of the out of plane displacement u3 is given byu3;11 þ u3;22 þ signðx2ÞLg u3;2 ¼
1
c2s
€u3: ð5Þ
S. Pal et al. / International Journal of Solids and Structures 44 (2007) 242–254 245Transforming the out of plane displacement into the Fourier and Laplace domains Eq. (5) can be cast as an
ordinary diﬀerentialw^;22 þ signðx2ÞLg w^;2  k
2c2s w^ ¼ 0; ð6Þwhere w^ðk; x2; pÞ ¼ L½wðk; x2; tÞ ¼ L½F ½u3ðx1; x2; tÞ andcs ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p2
c2sk
2
þ 1
s
: ð7ÞOwing to the symmetry in the material property variation, it is suﬃcient if we obtain a solution either for the
upper or lower half-space. In this article, we obtain the solution for the upper half-space (x2 > 0). A general
solution of Eq. (6) is given byw^ðk; x2; pÞ ¼ C1 expðm1x2Þ þ C2 expðm2x2Þ; ð8Þ
where C1 and C2 are arbitrary constants to be determined after applying suitable boundary conditions. In Eq.
(8) m1 and m2 are the roots of the underlying characteristic Eq. (6) that are given bym1=2 ¼
1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4k2c2sL2g
q
2Lg
: ð9ÞA bounded solution for the stresses and displacement in the upper half-space can be thus written asw^ðk; x2; pÞ ¼ w^0ðk; pÞ expðm2x2Þ; ð10Þ
where w^0ðk; pÞ ¼ w^ðk; x2 ¼ 0; pÞ represents the displacement in the transformed space along the weak plane
(x2 = 0). In the present article, we use the displacement formulation as given by Geubelle and Rice (1995),
unlike the ‘‘combined formulation’’ used in Kulkarni et al. (2006). In the present displacement formulation,
we deﬁne the displacement jumps and the corresponding tractions in the transformed space asDðk; tÞ ¼
Z 1
1
dðx1; tÞ expðikx1Þdx1;
T ðk; tÞ ¼
Z 1
1
sðx1; tÞ expðikx1Þdx1;
ð11Þwhere d(x1, t) = u3 (x1,x2 = 0
+, t)  u3(x1,x2 = 0, t) and s(x1, t) = r32(x1,x2 = 0±, t). The elastodynamic rela-
tion between the tractions acting on the weak plane and the corresponding displacement jumps can be written
asT^ ðk; pÞ ¼ 1
2
l0m2D^ðk; pÞ: ð12ÞThe upper and lower half-spaces tend to separate at the instant the external loads are applied and are held
together in equilibrium by the cohesive forces acting on the weak plane. This instantaneous response can
be written asT^ instðk; pÞ ¼  l0
2cs
pD^ðk; pÞ: ð13ÞSuperposing the instantaneous response, the elastodynamic relation (12) can be modiﬁed asT^ ðk; pÞ ¼  l0
2cs
pD^ðk; pÞ þ l0jkj
2
m2
jkj þ
p
jkjcs
 
D^ðk; pÞ: ð14ÞThe spectral domain representation of the tractions can be obtained by inverting the above equation into the
time domain (inverse Laplace transform)T ðk; tÞ ¼  l0
2cs
_Dðk; tÞ  l0
4
Dðk; tÞ
Lg
þ F ðk; tÞ; ð15Þ
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up to that time instant. The convolution term in the spectral domain is given byFig. 2.
symme
and ‘‘sF ðk; tÞ ¼  l0jkj
2
Z t
1
C3ðjkjcsðt  t0ÞÞDðk; t0Þjkjcs dt0: ð16ÞIn the convolution integral (16) C3 represents the convolution kernel given byC3ðAÞ ¼ i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ a2p J I1ð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ a2p AÞ
A
; ð17Þwhere J I1 is the imaginary Bessel function of the ﬁrst kind and order one and a
1 = 2kLg. The convolution
kernel for both the symmetric and unsymmetric functionally graded materials are shown in Fig. 2. The kernels
are shown for two values of the inhomogeneity length scale Lg. The expression for the convolution kernel in
the case of the unsymmetric materials is given in Eq. (20) of Kulkarni et al. (2006). As can be observed by Eq.
(17), the convolution kernel is an even function with respect to Lg and hence is invariant for both hardening
and softening types of graded materials. However, the damage characteristics of the hardening and softening
materials are quite diﬀerent, as will be explained along with the discussion of the results. As the material inho-
mogeneity length scale increases (inhomogeneity decreases) the convolution kernel tend towards the homoge-
neous case. When Lg =1 in Eq. (17) we obtain the convolution kernel for a homogeneous material
(Morrissey and Geubelle, 1997), that is J1(A)/A. The convolution kernel for the case of the graded material
as depicted in Fig. 2, is non-singular and well behaved similar to the other spectral formulations derived
for diﬀerent material constitutive models (Geubelle and Rice, 1995; Morrissey and Geubelle, 1997; Geubelle
et al., 1998; Geubelle and Breitenfeld, 1997). This is advantageous when compared with boundary integral
schemes, which might have hyper-singular kernels. The spectral formulation relating the tractions and dis-
placement jumps on the weak plane is completed by inverting Eq. (15) into the spatial domain (x1) and super-
posing an external mode-3 load s0sðx1; tÞ ¼ s0ðx1; tÞ  l0
2cs
_dðx1; tÞ  l0
4
dðx1; tÞ
Lg
þ f ðx1; tÞ: ð18ÞThe symmetric material property variation contributes an additional term to the tractions on weak plane
(third term in the above equation). It should be noted that for an unsymmetric functionally graded material
considered in Kulkarni et al. (2006), a similar contribution was absent. The numerical implementation in-
volves obtaining the Fourier transforms of the displacements and tractions and is accomplished by using0 2 4 6 8 10
–0.2
0
0.2
0.4
0.6
0.8
A
C 3
(A
)
Softening & Hardening (Lg /δc = 12)
Softening & Hardening (Lg /δc = 6)
Unsymmetric (Lg /δc = 12)
Unsymmetric (Lg /δc = 6)
Convolution kernels (Eq. (17)) for symmetric and unsymmetric type functionally graded materials. The convolution kernels in
tric functionally graded materials are even functions of the inhomogeneity length scale (Lg) and hence identical in both ‘‘hardening’’
oftening’’ type materials. In the plot dc represents the critical crack opening displacement (Eq. (23)).
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metric functionally graded materials is described in the next section.
3. Numerical implementation
The numerical implementation for the case of a functionally graded material is similar to the other spectral
schemes developed elsewhere (Morrissey and Geubelle, 1997; Geubelle and Breitenfeld, 1997; Geubelle et al.,
1998). In this section, we describe the implementation speciﬁcs of the spectral scheme for a symmetric func-
tionally graded material that was derived in Section 2. The two important computations in the spectral scheme
are the accurate evaluation of the Fourier coeﬃcients and the time update of the ﬁeld variables. The numerical
Fourier transform is obtained by using the fast Fourier transform (FFT) algorithm. The FFT algorithm
requires the weak plane X to be discretized into N = 2n equally spaced (Dx1 = X/N) points on which the
numerical values of the Fourier coeﬃcients are obtained as½dðx1; tÞ; f ðx1; tÞ ¼
Xk¼N=2
k¼N=2
½DkðtÞ; F kðtÞ expð2pikx1=X Þ: ð19ÞThe Fourier coeﬃcients in the above equation are computed in conjunction with Eqs. (11), (16) and (18). The
numerical representation of the Fourier transform introduces an artiﬁcial replication as indicated in the equa-
tion above, that is represented by the change in the spectral mode number from k! 2pk/X. The convolution
integral is computed using the pre-integrated, truncated kernel as described in Geubelle and Rice (1995), to
account for the response from the slip history. The second numerical implementation speciﬁc, the time update
is performed by using an explicit time integration scheme asdðx1; t þ DtÞ ¼ dðx1; tÞ þ Dt _dðx1; tÞ: ð20Þ
The choice of the explicit scheme is driven by the need to maintain a very small time step size Dt that is re-
quired to capture the damage event occurring inside the cohesive zone. An implicit time stepping algorithm
would allow for a reduction in computational time but will be unable to capture the details of the damage
inside the cohesive zone and hence is not implemented in our present analysis. From the existing literature
on the analysis of cohesive zone models using a spectral scheme we have chosen the time step size to beDt ¼ bDx1
cs
: ð21ÞIn the above equation b is chosen to be 0.2, and corresponds to a situation where a signal traveling at the shear
wave speed (cs) reaches 20% of the distance Dx1 in a given time increment. Higher values of the non-dimen-
sional parameter b might lead to numerical instabilities as described in Kubair and Geubelle (2003). The time
update is completed by introducing a cohesive model that relates the cohesive shear strength sstr to the crack
sliding jumps, its rate and probably even spatial position through a general relation such assstr ¼ sðx1; t; d; _dÞ: ð22Þ
The spectral scheme is versatile and can handle any general form of state- and rate-dependent cohesive
(Kubair et al., 2002; Kubair and Geubelle, 2003) and friction laws (Rice et al., 2001). However, in the present
work, the emphasis is to characterize the eﬀect of the material property inhomogeneity on the crack propaga-
tion and hence we have used a simple quasi-linear damage-dependent cohesive zone model (Fig. 3) given bysstr ¼ sc 1 ddc
 
; ð23Þwhere sc and dc are material parameters representing the fracture strength and the critical crack opening dis-
placement respectively. The area under the traction-separation law corresponds to the energy required to
propagate the crack and for the model described in Eq. (23) the energy release rate is Gc = scdc/2. As noted
in the introduction, the main advantage of the spectral formulation is the reduction in the computational
eﬀort. The scheme developed thus far can handle planar two-dimensional crack propagation problems in
0 0.2 0.4 0.6 0.8 1 1.2
0
0.2
0.4
0.6
0.8
1
1.2
δ /δc
τ
/τ
c
Fig. 3. Cohesive failure model showing linear variations of strength with crack opening displacement.
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mum ofN2 degrees of freedom. The other advantage of the scheme is the computation of the Fourier transform,
which can be computed in a parallel machine, which will reduce the computational time. The calculation of the
convolution integral (Eq. (16)) is the most time consuming step in the spectral scheme and each spectral mode of
the convolution integral can be computed in diﬀerent processors thereby enhancing the speed. The idea of par-
allelizing the spectral scheme can be very useful when handling three-dimensional planar crack propagation
problems. The accuracy of the scheme depends on the number of grid points chosen in the spatial direction.
The number of grid points also corresponds to the number of spectral modes in the Fourier series. From a spa-
tial convergence point of view, we have observed that a minimum of 2048 (211) number of Fourier modes are
required. The above-formulated spectral scheme is used to perform a parametric study in order to understand
the physics of crack propagation in functionally graded materials and is described in the next section.
4. Results and discussion
Simulations of rapid crack propagation performed by Kulkarni et al. (2006) have demonstrated that the
material property inhomogeneity aﬀects the damage characteristics. In the above said analysis the material
property variation was unsymmetric about the weak plane, on which the crack was allowed to propagate
spontaneously. As mentioned earlier, in this article the material property variation is assumed to be symmetric
about the weak plane. Such a specimen can be manufactured by gluing two functionally graded plates using a
thin layer of adhesive whose mechanical properties are close to the parent material (Rosakis et al., 1999). In
our study, we assumed that the specimen is made of PMMA whose rigidity modulus (l0) and the density (q0)
on the weak plane are given as 2 GPa and 1230 kg m3. The inhomogeneity property variations can be
generated by subjecting the parent material through selective ultraviolet (UV) irradiation (Lambros et al.,
1999). The inhomogeneity length scale Lg can be varied by controlling the exposure time. In practice, the
inhomogeneity length scale can be in the range of a few microns (as in thermal barrier coatings) to a few
meters (as in tectonic plates) and hence was chosen to be a parameter in our study. The fracture toughness
(Gc) was set to be 0.2 MJ m
2, which was obtained by setting the critical crack opening displacement (dc) to
1/500 m and the maximum cohesive strength (sc) to 0.2 GPa. In all our simulations the external load applied
s0 was maintained constant at sc/2. The length of the weak plane was chosen to be X = 16a0 (Fig. 1). The crack
propagation was restricted to half the domain size (X/2) in order to avoid any interactions with the phantom
cracks, which is a numerical artifact that arises from the discrete Fourier transform representation. In the
case of a symmetric functionally graded material considered here, the inhomogeneity length scale can be
either positive or negative. A positive value of Lg signiﬁes a material in which the material properties
progressively increase away from the weak plane and hence termed as a ‘‘hardening’’ or ‘‘strengthening’’
S. Pal et al. / International Journal of Solids and Structures 44 (2007) 242–254 249material. A ‘‘softening’’ or ‘‘weakening’’ type functionally graded material is obtained when the inhomogene-
ity length parameter is set to be less than zero (negative). The combination of both the ‘hardening’ on the bot-
tom and ‘weakening’ on the top or vice-versa, leads to an unsymmetric graded material that was analyzed in
Kulkarni et al. (2006). The crack sliding displacement proﬁles for two values of the inhomogeneity length scale
Lg are plotted in Fig. 4. These proﬁles are obtained by recording snapshots of the sliding displacements at
regular time intervals of 0.4a0/cs apart. For the sake of clarity, the opening proﬁles for Lg = 100dc are plotted
in the top half of the ﬁgure, while for the case of Lg = 50dc are plotted in the bottom half. The proﬁles for the
three types of graded materials, namely, hardening, softening and unsymmetric are plotted together for com-
parison. The strengthening material oﬀers the maximum resistance to fracture among the three, indicated by
the least crack opening for any given value of Lg. The softening material on the other hand has the maximum
opening displacement and the unsymmetric material has an intermediate resistance. The eﬀect of varying the
inhomogeneity can be understood by comparing the proﬁles in the top and bottom halves. As the inhomoge-
neity decreases (Lg increases) the crack opening displacements decrease in the cases of softening and unsym-
metric materials, while the reverse is observed for a hardening material. This indicates that an increase in the
inhomogeneity length scale increases the fracture resistance in softening materials, while a hardening material
becomes comparatively more ‘brittle’ (smaller cohesive zone) allowing larger crack sliding. The behavior of an
unsymmetric material is close to that of a softening material, which is further illustrated at the end of this sec-
tion in Fig. 9.
The cohesive damage is also aﬀected by the material property gradient and is illustrated in the magniﬁed
view of the crack sliding proﬁles (Fig. 5). These proﬁles are obtained in a similar manner as that of the proﬁles
in Fig. 4, but the time period between the successive snapshots are delayed to 0.6a0/cs for the purpose of clar-
ity. The extent of the cohesive zone is the point at which the opening displacement becomes equal to the crit-
ical crack opening displacement (Dugdale condition), represented by the horizontal line at d/dc = 1. As
indicated by the crack sliding displacement proﬁles (Fig. 4), softening materials are less resistive to fracture
compared to its hardening counter-part and the same is indicated in the cohesive damage as well. The position
of the cohesive zone tip (d = 0) of a softening material leads the corresponding strengthening material, irre-
spective of the degree of inhomogeneity. With decrease in the inhomogeneity, the length of the cohesive zone
shrinks in the case of strengthening materials, indicating an increase in the ‘‘brittleness’’ (smaller strip-yield
zone). The softening and unsymmetric materials tend to become increasingly ‘‘ductile’’ with decrease in the
inhomogeneity that is indicated by the larger size of the cohesive zone. This change in the cohesive crack slid-
ing displacements aﬀects the variation of the stress inside the cohesive zone. However, the variation of the
stresses ahead of the cohesive zone remain unaﬀected by the material property gradient.0 1 2 3 4 5
–10
–5
0
5
10
Lg /δc = 100
Lg /δc = 50
X/a0
δ/
δ c
Softening
Unsymmetric
Hardening
Fig. 4. Snapshots of the crack sliding proﬁles recorded at regular time intervals of 0.4a0/cs apart. The proﬁles for the graded material with
the least inhomogeneity (Lg = 100dc) is plotted in the top half, while the most inhomogeneous case (Lg = 50dc) is shown in the bottom half.
For comparison, the crack sliding proﬁles in softening (dash-dot), symmetric (dashed) and hardening (solid) materials are shown for each
of the aforementioned inhomogeneity length scales.
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Fig. 5. Magniﬁed view of the crack sliding proﬁles depicting the details of the cohesive damage for diﬀerent graded materials. Similar to
Fig. 4, the proﬁles for the two inhomogeneity length scales are shown in the top (Lg = 100dc) and bottom (Lg = 50dc) halves respectively.
For the sake of clarity the time interval between the successive snapshots has been delayed to 0.6a0/cs. The extent of the cohesive zone is
indicated by the horizontal dotted lines show at d = ±dc.
250 S. Pal et al. / International Journal of Solids and Structures 44 (2007) 242–254The crack propagation velocity is altered by the material property inhomogeneity, indicated by the shifting
(lead or lag) of the crack and cohesive tip positions at any instant of time (Fig. 5). This is better illustrated by
plotting the history of the crack tip velocities (Fig. 6). The crack tip velocity is obtained by numerically dif-
ferentiating the crack tip position history. The velocity histories are also plotted for the two values of the mate-
rial inhomogeneity. The curves for Lg = 50dc are shifted on the time axis by a duration corresponding to 2a0/cs
for the sake of clarity. The crack propagates the fastest in a weakening material and the slowest in hardening
materials irrespective of the rate of the inhomogeneity. As the material inhomogeneity reduces (increasing Lg),
the materials tend towards a homogeneous material and the velocity histories are least aﬀected. The velocity
histories for all the three types of graded materials considered here are close to each other for Lg = 100dc when
compared with that of Lg = 50dc. As indicated by our earlier simulations (Kulkarni et al., 2006), the crack
reaches a quasi-steady-state of propagation after the initial transients vanish. As the material wave speed
(cs) is assumed to be homogeneous in our study (Eq. (4)), the crack reaches a quasi-steady-state velocity of0 2 4 6 8 10
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Fig. 6. Evolution of the crack tip velocity for diﬀerent types of graded materials. The curves for the most inhomogeneous case (Lg = 50dc)
has been shifted horizontally by 2a0/cs for the sake of clarity. The crack reaches a constant quasi-steady-state velocity equal to the shear
wave speed (cs) for all graded materials.
S. Pal et al. / International Journal of Solids and Structures 44 (2007) 242–254 251cs and is not aﬀected by the material inhomogeneity. As indicated by the crack tip velocity history (Fig. 6), the
material property inhomogeneity aﬀects only the initial transient phase of crack propagation. This can be eas-
ily understood by studying the crack tip acceleration history (Fig. 7). The crack reaches a quasi-steady-state of
propagation when the external driving force, inertia force and the resisting force due to the fracture toughness
(Gc) reach equilibrium. This is analogous to the Stoke’s experiment (White, 1994) in which a sphere reaches
terminal velocity, when equilibrium is attained between the drag, viscous and buoyancy forces. Following this
idea, a dimensional analysis of the fracture problem leads to the normalization quantity for the crack tip accel-
erations as indicated in the ﬁgure. The crack tip accelerations are obtained by numerically diﬀerentiating the
crack tip velocity with respect to time. Similar to the velocity history plot (Fig. 6), the crack tip acceleration
plots for the two values of the inhomogeneity length scales have been shifted by a time period of 2a0/cs apart.
The crack starts to accelerate when the inertia of the material is largest in the initial phase and reaches a max-
imum. The crack then decelerates and ﬁnally reaches a quasi-steady-state of propagation, indicated by the
vanishing accelerations. The magnitude of the crack tip acceleration is the largest in the softening materials
as the density reduces away from the weak plane, while in the case of a hardening material the accelerations
are lesser. The eﬀect of increasing the inhomogeneity (decreasing Lg) is to shift the acceleration histories far-
ther apart from each other for the three types of graded materials considered here. The crack deceleration is
most rapid in softening materials and hence, reaches a quasi-steady-state of propagation sooner than in a
strengthening material. The acceleration and velocity histories clearly indicate the existence of a quasi-
steady-state of propagation and hence a steady-state propagation analysis in functionally graded materials
using the Riemann–Hilbert problem approach (Kubair and Geubelle, 2003) could be performed.
The material property gradient aﬀects the energetics of crack propagation, which is illustrated by the his-
tory of the rate of energy absorbed in the cohesive zone (Fig. 8). The rate of energy release P is given by the
following integral expression:Fig. 7.
horizo
propagP ðtÞ ¼
Z LcðtÞ
0
sðx1; tÞ _dðx1; tÞdx1; ð24Þwhere Lc(t) is the length of the cohesive zone, s(x1, t) and _dðx1; tÞ correspond to the cohesive tractions and
crack sliding rates, respectively. The material wave speed is assumed to be homogeneous and the fracture
toughness is maintained constant on the weak plane, hence the power (energy rate) required to maintain a
steady-state speed of cs will be Gccs and is used as a normalization factor. The softening and unsymmetric type
materials exhibit higher ‘‘ductility’’ (longer cohesive zone) and hence, the power required for crack propaga-
tion is larger. The hardening material has a comparatively smaller crack sliding, hence requiring lesser power0 2 4 6 8
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Fig. 8. History of the rate of energy absorbed in the cohesive zone for diﬀerent graded materials. The absorbed energy reaches a constant
of Gccs in the quasi-steady-state of propagation, irrespective of the type and extent of the material inhomogeneity. As in Fig. 6, the rate of
energy curves for Lg = 50dc are shifted horizontally by 2a0/cs.
252 S. Pal et al. / International Journal of Solids and Structures 44 (2007) 242–254to propagate the crack. In other words, the strengthening type graded material is more susceptible to cracking
(more ‘‘brittle’’).
The eﬀect of the material inhomogeneity on the mechanics of damage in diﬀerent types of graded materials
can be summarized by plotting the maximum crack sliding displacements as a function of the inhomogeneity
length scale (Fig. 9). In order to accommodate a large variation of Lg a logarithmic axis is used. The maximum
crack sliding displacements were extracted when the crack was propagating at a quasi-steady state speed of cs.
The crack sliding displacements are normalized by the corresponding maximum displacements obtained for a
homogeneous material ðdmaxhomogÞ. It is important to note that the homogeneous material and the graded mate-
rials considered here have identical fracture and elastic properties on the weak plane. The applied external
load s0 is also identical in both the homogeneous and graded materials considered here. The crack sliding dis-
placements for the trivial homogeneous case is invariant with respect to the material property inhomogeneity101 102 103
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Fig. 9. Normalized maximum crack sliding displacement (dmax) for diﬀerent functionally graded materials as a function of the material
inhomogeneity length scale Lg. The maximum crack sliding displacements has been extracted when the crack was propagating in a quasi-
steady-state manner (cst/a0 > 3). In order to accommodate diﬀerent orders of magnitude of the inhomogeneity length scale Lg, a
logarithmic axis is chosen. The behavior of unsymmetric (dashed) and softening (dash-dot) materials are similar indicated by their curves
lying on the same side of the homogeneous case.
S. Pal et al. / International Journal of Solids and Structures 44 (2007) 242–254 253as expected. All the results described thus far, indicated that the crack propagation characteristics in weaken-
ing and the unsymmetric functionally graded materials were similar. This is strengthened by the fact that the
crack sliding displacements of both weakening and unsymmetric materials are comparable in magnitude and
also larger than in the homogeneous case. That is they lie on the same side with respect to that of a homoge-
neous material. It was observed that the softening material oﬀered least fracture resistance from the earlier
discussion. This observation is augmented by the fact that the crack sliding displacements are consistently lar-
ger in the case of a softening material compared to the other two types of graded materials. The strengthening
material on the other hand exhibits a higher fracture resistance indicated by the smaller crack sliding displace-
ments. The eﬀect of the material inhomogeneity on the crack propagation characteristics is the least in the case
of an unsymmetric material, as the crack sliding displacements reach the homogeneous value for relatively
smaller values of Lg. The eﬀect of the inhomogeneity is pronounced in weakening materials indicated by
the delay in the crack sliding displacement reaching the homogeneous case. As expected, the eﬀect of the mate-
rial inhomogeneity on crack propagation disappears when Lg =1, signifying that a graded material becomes
a homogeneous material for large values of the inhomogeneity length scale.
5. Conclusions
A spectral formulation for simulating mode-3, planar crack propagation in functionally graded materials
was developed using the displacement formulation. The material inhomogeneity was assumed to be symmetric
about the weak plane on which the crack was constrained to grow. Rapid crack propagation simulations were
performed in hardening, softening and unsymmetric type of functionally graded materials. A parametric study
was performed, with the material inhomogeneity length scale Lg being the varying parameter and we draw the
following conclusions:
(1) Softening and unsymmetric functionally graded materials have similar crack propagation characteristics.
(2) With increase in the inhomogeneity, hardening materials oﬀer increasing fracture resistance. While in the
softening and unsymmetric graded materials, the fracture resistance progressively decreases with increase
in the inhomogeneity.
(3) The material property inhomogeneity aﬀects only the transient phase of crack speed, while the quasi-
steady-state velocity remains unaltered even in the case of symmetric functionally graded materials.
(4) In comparison with a homogeneous material the power absorbed is lesser in hardening materials, while it
is greater in weakening and unsymmetric materials.
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